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Observational evidence for the existence of dark energy is strong. Here we suggest a model 
which is based on a modified gravitational theory in 5D and interpret the 5th dimension as 
a manifestation of dark energy in the 4D observable universe. We also obtain an equation 
of state parameter which varies with time. Finally, we match our model with observations 



OO 
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' by choosing the free parameters of the model. 
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I. INTRODUCTION 



, Recent observations suggest that the Universe is not only expanding, but also accelerating 



The first candidate for dark energy was a cosmological constant. It was originally introduced by 
. Einstein in 1917 to achieve a static universe. However, after Hubble observations which suggested 



that the universe is not static, it was abandoned. 

In particle physics, the cosmological constant normally arises as an energy density of the vacuum. 
The energy scale of the cosmological constant (A) should be much larger than that of the present 
Hubble constant Hq, if it originates from the vacuum energy density. This is the cosmological 



! constant problem. 

00 . 

C5 ■ In addition to the cosmological constant proposal, there are a lot of alternative routes which have 

, , , been proposed Jjo explain the accelerated expansion of the Universe. Some of the most important 

^ ' are as follows 

1- Quintessence modelsj^; 

2- Scalar field modelsja]; 

3- Chameleon fields js]; 

4- K-essence {3]; 

5- Modified gravity arisingout of string theory or generalization of GR P, [3] ; 



6-Phantom dark energy 
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The Einstein field equations consist of two parts. The first part contains the geometry and 
the second part contains the matter. Some of dark energy (DE) models include the cosmological 
constant and a scalar field which modify the rhs by introducing some extra terms in it. There is 
another way: modifying the geometry (i.e. the Ihs of the Einstein's equations). The geometrical 
modifications can arise from quantum effects such as higher curvature corrections to the Einstein- 
Hilbert (EH) action. In by introducing a quadratic term in R, an inflationary solution in the 
early universe was obtained. However, it was pointed out in [l^ that the late time acceleration 
can be realized by adding a term containing inverse power of Ricci scalar to the EH action. The 
structure of this paper is as follows: in section HH we review the modified gravity theories. In 
section IIII[ we discuss briefly the Kaluza-Klein gravity and the induced matter in this theory. In 
section IIVI we apply the STM formalism in CDTT model. Then in section |Vl we extract energy 
density and the pressure of dark energy from STM formalism. Finally, in section IVU we will match 
our model with observations by choosing the free parameters of the model. 

II. MODIFIED GRAVITY 

We first investigate a fairly general way of modifying gravitational theory which is known as 
f(R) gravity. The formalism starts with the introduction of an action in the form: 

S = [ V^f{R)d^x + / ^CMd^x (1) 



where f(R) is an arbitrary function of R such as i? + aE? , R + alnR, R + ^ etc, and C_\4 is a 



matter Lagrangian density, 
the following field equations 



By varying the action (1) with respect to the metric g^^, one obtains 



lOfi: 



^5^,/(i?) - Rf^ufiR) - V^Vuf'iR) - g^uV^fiR) + \t^. = (2) 

where ,z^=0...3 and a prime shows differentiate with respect to R . By taking the trace of ([3]) in 
the absence of matter and constant curvature (Vc-i? = 0) case, we find: 

f{R) - ^Rf'iR) = (3) 

In Carroll et.al. considered a f(R) function of the form (CDTT model): 

f{R) = R-^ (4) 

where /i is a new parameter with dimension of [time]^^. By means of ([3]), we obtain the following 
field equations for CDTT model: 

^g^uiR - ^) - ^^.(1 + ^) - /(v^v, + v^)-! + ir^, = (5) 



3 



The constant-curvature vacuum solutions in 4D, for which V^i? = 0, satisfy R = ib\/3/x^. 
Thus one finds the interesting result that the constant curvature vacuum solutions in 4D are not 
Minkowski space but rather are de Sitter or anti de Sitter spaces. Moreover in spherically symmetric 
case (the black hole solutions), one obtains a Schwartzchild-de Sitter black hole. 

By considering a perfect fluid case i.e: 

= (PM + Pm)U^Uu + PMOfiu (6) 

where is the fluid rest-frame four velocity, pM is the energy density, pM is the pressure and we 
consider an equation of state of the form pM = ^^PM, also we take the metric of the flat Robertson- 
Walker (in four dimension) form, i.e. ds"^ = —dt^ + a{t)'^dx'^. One obtains the following equation: 
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3//2 Jl (2HH + 15H^H + 2H^ + 6H^) = PM (7) 

for the time-time component of the field equation and: 

"^l- 12(H + 2m/ '" + - °'**<^> - = (8) 

for the space-space component. Equation ([7|) reduces to the usual Friedman equation by setting 
/i = 0. In [9] Carroll et.al. obtained some solutions such as eternal de Sitter, power law acceleration 
and future singularity in vacuum case. As mentioned in the Introduction, the solutions of this 



theory contain instabilities [131 1. 

n 

In [IJ] Dolgove and Kawasaki also find instability in the matter section of the above modi- 



fied gravity model. In Faraoni suggested that generally a model is stable if it satisfies the 
condition:/" > and is unstable if /" < 0. 

Dicke in [16] discussed the Newtonian limit in singular nonlinear modified gravity models 
(i.e./(0) = oo) and found that a model has Newtonian limit if it satisfies f"{Ro) = where 
Rq is the solution of ([3]). Therefore the f(R) model which is introduced in hasn't Newtonian 
limit and is unstable. 

III. KALUZA-KLEIN GRAVITY AND INDUCED MATTER 

Kaluza unified electromagnetism with gravity in 1921 by applyin g E instein's general theory of 



relativity to a five rather than four-dimensional spacetime manifold 



171 ]. The Einstein equations, 



in five dimensions with no five dimensional energy-momentum tensor, are: 

Gab = (9) 
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or equivalently: 

Rab = (10) 

where hat denotes a five dimensional quantity and A,B=0. . . 4 and Gab = Rab — \R9ab is the 
Einstein tensor, Rab and R = qabR^^ are the five dimensional Ricci tensor and Ricci scalar and 
QAB is the five dimensional metric. The absence of matter in the five dimensional universe is the 
Einstein's idea which says that the universe in higher dimensions is empty. 

The five dimensional Ricci tensor and Christoffel symbols are defined in terms of metric exactly 
as in four dimensions (minimal extension). Then everything depends on one's choice for the form 
of the five dimensional metric. Kaluza proposed the following metric: 

9AB= \ ^ I (11) 

where the electromagnetic potential is scaled by a constant n in order to get the right multiplicative 
factor in action. 

There is an important question with the Kaluza's assumption: where is the fifth dimension? 
Why do we not observe it? Kaluza proposed the cylindrical condition to overcome this problem 
which means dropping all derivatives with respect to the fifth coordinate. 

In 1926 Klein showed that Kaluza's cylinder condition would arise naturally if the fifth dimension 
has (1) a circular topology, in which case physical fields would depend on it only periodically, and 
could be Fourier-expanded; and (2) a small enough (" compactified" ) scale in which case the energies 
of all Fourier modes above the ground state could be made so high as to be unobservable. This 
version of Klein theory is called compactified Kaluza-Klein gravity. 

If one applies the cylinder condition and use the metric (jlip and field equations Q, then one 
will find that the a/3—, a4— and 44-components of the five dimensional field equations ([9]) reduce 
respectively to the following field equations in four dimensions: 



rnEM 1 

2 



Gap = -^TX - -[Va(5^0) - gapo^ 



aP 



2 A3 



□ c 



FapF 



aP 



(12) 
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where Gaf3 = Rap — ROap/'^ is the Einstein tensor in four dimensions, T^^ = QapF-yS— F^F/s^ 

is the electromagnetic energy- momentum tensor, and Fap = daAp — dpAa, where a, /? = . . . 3. If 
the scalar field (p is constant throughout spacetime, then the first two equations of (fT2]) are just 
the Einstein and Maxwell equations : 

Gap = SirGcf^T^p^ 



V"F,^ = (13) 

where we have identified the scaling parameter k in terms of the gravitational constant G (in four 
dimensions) by: 

K = aVt^ (14) 

This is the result originally obtained by Kaluza and Klein, who set cf) = 1. The condition (j) = 
constant, is consistent with the third equation of (jl2p when FapF'^^ = 0, which was first pointed 



out by Jordan ^ ^ 

An alternative is to abandon the cylindrical condition [2, Q] • Therefore the metric depends on 
the fifth dimension and this dependence allows one to obtain electromagnetic radiation, dust and 
other forms of cosmological matter. These types of theories are called noncompactified Kaluza- 
Klein theories. 

Wesson proposed that the fifth coordinate ^|J might be related to the rest mass. Dimensionally 
= allows us to treat the rest mass m of a particle as a length coordinate, in analogy with 
= ct. We can say that the four-dimensional matter is a manifestation of the five-dimensional 
geometry [iqI]. 

In noncompactified Kaluza-Klein theories we begin with a metric of the form: 



9AB=r"' (15) 




where we have introduced the factor e in order to allow a timelike or a spacelike signature for the 
fifth dimension (and = 1). 

Now by using the five dimensional field equations ([9]) in vacuum and keeping derivatives with 
respect to the fifth coordinate x^, the resulting expression for the a/5— a4— and 44— parts of the 
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five dimensional Ricci tensor Rctp are : 

V/3(9a^ _e_ ^di(pdigaf3 
+ S-^^S.^d.g.s - (16) 



-Ka/3 — -Ka/3 H 7772 V T OiOaP 



RaA = ^ (545/3^54544 - 5^544 545a/3) H ^ — 

gl^^dAidpg^a) do.g^'^d^igp^) g'^'^d^d^gp^ 



(17) 



g^^g^^dig^adpgsp ^ d^g'^'^dagp^ 



4 4 



= -ecAD-/) ^ ^ + (18) 

g"^g'^^d4^g^^digaS 
4 

Then Eq. (jl6p gives the following expression for the four dimensional Ricci tensor: 

R., = ^^-^[^^-54(545.,) 

+ g^'d,g^,d,g,s - "''^^"f^^"^ ] (19) 

The above equation allows us to interpret the four dimensional matter as a manifestation of the 
five dimensional geometry. We assume that the Einstein Field equations hold in four dimensions 
i.e.: 

SnGTo^p = Rap - ^Rgafi (20) 

where Taf^ is the four-dimensional matter energy momentum tensor. By contracting pop with g^p, 
we obtain the following expression for Ricci scalar: 

^ = 4^ [949"^545a/3 + {g'^^d.gapf] (21) 
inserting ([2T]) and (fT9]) into ([20]) one finds: 

SttGT^^ = ^[ — ^ - d4[d4gaf3) + d^ga-rg/s-r 

- '^'^^'f^'-^ + '-fid^g'^'d^g.s + (^^-^545..)^)] (22) 

If we use this expression for T^^, the four-dimensional Einstein equations Gap = SirGTa/s are 
contained in the five-dimensional vacuum ones Gab = 0. The matter described by T^,y is a 
manifestation of pure geometry in the five dimensional world. There are solutions for different 
types of metric and energy-momentum tensor, such as the spherically symmetric case 

fl, the 

isotropic and homogenous case [2l|, etc. 
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IV. 5D MODIFIED GRAVITY IN STM FORMALISM 

It is easy to check that all f(R) gravity theories in the vacuum and constant curvature case are 
equivalent to the Einstein field equations in the presence of a cosmological constant, so we can use 
any f(R) model. In the constant curvature and no matter case, Eq.(l3]) reduces to : 

Rf^ufiR) - Ig^ufiR) = (23) 

From (jH) we obtain Rq and by substituting it in f(R) and its derivative, and theb by replacing it 
in (|23p . the following relation is obtained: 



R^^u + ^3{Ro)g^.u = (24) 

where: 

which can be rewritten as Einstein field equation in the presence of a cosmological constant, where: 

A = (3 + ^ (26) 

In this section we use the CDTT model and work with a 5D extension of the flat RW metric in 
the form: 

ds^ = dt^ - a{tf{dr'^ + r'^dQ^) - R{tfd'ijj'^ (27) 

where a(t) is the scale factor of ordinary 3D spatial dimensions and R(t) is the scale factor of the fifth 
dimension. In five dimensions, the solution of ([3]) for CDTT model is (with Mp = {8ttG)~2 = 1): 

7 2 



i? = ±y-/.^ (28) 

Here we choose the minus sign. 

Now we try to find out a(t) and R(t). By replacing (j27p and (j28|) in (j23p in five dimensinal and 
vacuum (STM formalism) and constant curvature case i.e: 

Hab = (1 + ^)Rab - ^(1 - ^)R9AB = (29) 



we obtain the following equations: 
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H, - H, - H, - -5^^ - -5^-^ + ^/. -0 (31) 



By computing R for metric ()27p and replacing it in (128^ we find: 



6M+2M + 0(% + 6^J^l|4-4^ = (33) 

a{t) R{t) a{t)R{t) 3 ^ 

by solving simultaneously (f30]) . (f3T]) . (f32]) . (f33]) we find a(t) and R(t) : 



-7 fie — 15 — 751894 6 15 C2 - C3) 

a{t) = ±^ (34) 

Mt\/5189^ 

fie 15 

3 1 3 1 

4Mt\/53£7£ „ ^9x1/ 2MtN/5337£ 3 

(e 15 (72 - Cs) 4 (e 15 ) s 
In ()34l ). ()35p we have three free parameters: Ci,C2,C3. In section HV] we will try to determine them 
from the available observational parameters. 



V. DENSITY AND PRESSURE FROM STM 

We consider a perfect fluid energy momentum tensor for dark energy in four dimensions of the 
form: 

= diag{pDE{t), -PDE{t), -pDE{t), -PDE{t)) (36) 



Wesson 23] suggested that the new terms due to fifth dimension which depend on R(t) (and 
in noncompactified Kaluza-Klein cosmology) in Hq and (where a=l, 2,3), are density and 
pressure of matter respectively. The main proposal of our model is to choose them as density and 
pressure of the dark energy. By using equations (|3U|) and (|31|). we obtain the following expressions 
for pDE{t) and PDE{t)-- 

H^ = fiait)) + pDEit) (37) 
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HS = g{a{t)) - pDE{t) (38) 

and: 

/ N 10 R(t) 



10 h(t)R(t) 

It is clear that pDE{t) and PDE{t) vanish for a model with constant R(t). 



VI. TYPICAL VALUES FOR THE CONSTANTS 

To specify C2, C3 and fi we appeal to the observational value of some cosmological param- 
eters. From recent observations, we know that the Hubble constant at present time is about 
73 lb 8kms~^ Mpc~^ or in SI : 



We also know that: 



H{to) = ^\to ^ 23.6 ± 3 X lO-^^s-^ (41) 
a{t) 



The other cosmological parameter is the density parameter Q = ^Jl?/ . Recent observations suggest 
that the O,tot = ^DE + ^m — 1 and the 0,de ~ 0.7. Another cosmological parameter is the equation 
of state parameter (EoS) w{t) = Recent observations limit the value of lode between —0.4 
and —1.02. Another important cosmological parameter is the transition redshift zt, in which the 
cosmic evaluation transfers from the decelerated era to the accelerated era or equivalently the value 
of wnE is getting less than —0.3. Observations suggest that the value of is between 0.15 to 
0.5 [2^. We obtain these cosmological parameters for our model and by this means we can get 
some idea about the free parameters of the model. Here, we make five choices and discuss them 
separately, in order to get an idea about the behavior of the solutions. The constant Ci can be 
determined by observations on variation of some parameters during the history of the Universe 
such as the fine structure constant a [24] . 
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A. Choice 1: Ca = -1,C3 = 0, ^ = 8.5 x IQ-'^^s' 

In this case WDE{t) and QDE{t) both are constant : 

WEoit) = -1 noEit) = 0.47 



(43) 



This case corresponds to a cosmological constant, but Q^Eit) does not match with the observations. 
In this case Ho = 0.23 X lO^^'^s"^ in SI, which is in line with observations. 

B. Choice 2: C2 = -1, C3 = -1, ^ = 7 x lO^i^s"! 

We plot WDE{t) and for this choice in FiglH In this case at z = we have : 

ued{<^) = -0.55 VLde{<^) = 0.61 (44) 

Observations suggest that at the present time [z = 0); = ^deq + ^^mo — 1 so we obtain 
^mo = 0.39. In this case Hq = 0.23 x 10^^''s^^ in SI, which is in line with observations. The value 
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5- 
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3- 
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tUi- 



.0.2 



Redshift z 



FIG. 1: WDE{t) (left) and f7Dis(t) (right) for the case C2 = -1 and C3 = -1,^^ = 7 x IQ'^^s 



of zj- in this case is 0.2. 



18„-1 



18,-1 



C. Choice 3: C2 = -9, C3 = -9, = 6 x 10-^«s 

We plot the WDE{t) and $!£)£;(*) in Figl2l In this case at z = we have : 

iz;^o(0) = -0.39 J1ds(0) = 0.68 



(45) 



In this case Hq = 0.19 X lO^^'^s"^ in SI, which is in agreement with observations. The value of zt 
in this case is 0.1. 
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FIG. 2: WDE{t) (left) and QoEit) (right) for the case C2 = -9 and C3 = -9,^ = 6 x lO'^^s 



18„-1 



D. Choice 4: C2 = -3, C3 = -6, = 8 x 10-^«s 



18,-1 



We plot the woEit) and i^uEit) in FiglS) In this case at 2; = we have 



wed{0) = -0.47 nDEiO) = 0.64 



(46) 
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FIG. 3: WDE{t) (left) and nDsit) (right) for the case C2 = -3 and C3 = -6,^* = 8 x 10-i**s-i 

In this case Hq = 0.24 x 10^^''s^^ in SI, which is in line with observations. The value of zt in 
this case is 0.15. 

E. Choice 5: C2 = -4, C3 = -9, ^i = 7 x IQ-^^s^^ 
We plot the WDE{t) and ^DE{t) in FigS] . We have at 2; = 0: 



u;e£,(0) = -0.25 Od£;(0) = 0.75 



(47) 
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0.0 0.5 1.0 1.5 2.0 

Redshift z 



FIG. 4: WDE{t) (left) and nDE{t) (right) for the 

In this case Hq = 0.24 x in SI, which 

of W£)E at the present time is more than —0.3, so 




OO 0.2 0.4 0.6 08 1.0 1.2 

Redshift z 

case C2 = -4 and C3 = -9,^J, = 7 x lO-^^s-i 

is in agreement with observations and the value 
we don't obtain an accelerating universe. 



VII. CONCLUSION 



In this paper, we proposed a new model for dark energy by using the CDTT f(R) gravity model 
and applying the STM formalism to a five dimensional metric and interpret the fifth dimension 
as dark energy source. Then we used some cosmological parameters and adjusted the model with 
observations to find the typical values for the free parameters of the model (C2, C3 and /x). When 
we want to approach 0,£)e = 0.7 the equation of state parameter tends to less than —1/3. In the 
forth case considered, the cosmological parameters are close to the results of observations, although 
this does not lead to a unique choice of the parameters. If we take C3 = 0, the model reduces to 
the cosmological constant model. 
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